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Abstract: BeiDou Navigation Satellite System (BDS) is composed of satellites in geo-

stationary Earth orbit (GEO), medium Earth orbit (MEO) and inclined geosynchronous

orbit (IGSO). However, the orbit determination of geostationary Earth orbits and of

geosynchronous orbits (GSO) with small inclination angle and small eccentricity is a chal-

lenging task that is addressed in this paper using Extended Kalman Filter (EKF). The

satellite positions were predicted in Earth-centred inertial (ECI) reference frame when

propagated through Keplerian model and perturbation force model for different values of

right ascension of ascending node (RAAN). Root mean square (RMS) errors of 9.61 cm,

6.73 cm and 11.46 cm were observed in ECI X, Y and Z satellite position coordinates of

GSO respectively, whereas, the RMS errors for GEO satellite were 8.89 cm, 7.92 cm, and

0.93 cm respectively in ECI X, Y and Z coordinates; for perturbation force model with

maximum value of RAAN when compared with dynamic orbit determination model.

Kolmogorov-Smirnov test for EKF reported a p-value > 0.05, indicating a good fit of

perturbation force model for orbit propagation. Orbit determination using EKF with per-

turbation force model were compared with that using EKF with Kepler’s model. Wilcoxon

Rank Sum test was used to compare the residuals from EKF algorithm through Kepler’s

model and perturbation force model. EKF with Perturbation force model showed im-

provement in predicting the satellite positions as compared to Kepler’s model. EKF with

Perturbation force model was further applied to International GNSS Service (IGS) sta-

tion data and kilometre level accuracy was achieved. RMS errors of 0.75 km, 2.53 km

and 1.91 km were observed in ECI X, Y and Z satellite position coordinates of GSO, re-

spectively, whereas, the RMS errors for GEO satellite were 3.89 km, 4.20 km and 6.66 km

respectively in ECI X, Y and Z coordinates for perturbation force model.
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1. Introduction

Satellite positions are essential to estimate positioning solution in naviga-
tion. However, acquisition of the satellite signal to attain position fix by a
navigation receiver is a challenging task with environments such as under-
ground parking bays, closed buildings, areas with dense plantation and so
on. One of the ways to solve this problem is to estimate the orbital parame-
ters and hence the satellite positions locally at the receiver using statistical
orbit determination techniques. Orbit determination is the process of esti-
mating the state of a satellite whose initial state is unknown based on the
observations that are influenced by random and systematic errors (Tapley
et al., 2004).

Statistical orbit determination algorithm can be divided into two main
tasks: orbit prediction (or propagation) and orbit determination. The orbit
prediction algorithm utilizes a set of force models and a numerical integra-
tion technique to predict the state of the satellite at time tk if the state of
the satellite at some initial epoch time t0 is known. The statistical orbit
determination algorithm modifies the state of the satellite at the start of
the orbit prediction. The statistical orbit determination algorithm can be
used to help the orbit prediction algorithm to improve the accuracy of the
predicted state of the satellite.

Various statistical orbit determination algorithms have been reported in
the literature for different navigation constellations. A simulation study of
orbit determination using Extended Kalman filter (EKF) has been reported
for geosynchronous satellites of a European Satellite Navigation System
(ENSS) in Hein et al. (1997). This study used the navigation data from 8
tracking stations all over the world. Davis et al. (2002) have reported Global
Positioning System (GPS)-based orbit determination of highly elliptical or-
bit using data collected from a Trimble Advanced Navigation Sensor (TANS)
Vector receiver with an accuracy of kilometre (km) level. The Least-Squares
based approach for orbit determination of GPS satellites has been reported
in Seppänen et al. (2011), which demonstrates the technology for mobile de-
vices. Hwang et al. (2013) have reported geostationary orbit determination
using a single station data with km level accuracy. Aghav and Gangal (2014)
have made an attempt to compare Least-Squares and Kalman filter for orbit
determination of a satellite in low-Earth orbit. This study reported predic-
tion up to 60 seconds with an accuracy of km level. Adaptive Kalman filter
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was used for orbit determination of GSAT-10 and IRNSS-1A (now NavIC
1-A) satellites (Kavitha et al., 2015). This study used 4 two-way code di-
vision multiple access (CDMA) range stations’ data in India. A simulation
study of orbit prediction algorithm for maximum up to 1 hour was demon-
strated for IRNSS 1D, 1E, 1F and 1G (now NavIC 1D, 1E, 1F, 1G) satellites
(Chandrasekhar et al., 2015). The statistical orbit determination algorithm
for NavIC satellites in Geosynchronous (GSO) and Geostationary (GEO)
orbits using EKF was developed by Ramanathan and Chipade (2020) up
to metre-level accuracy. This problem of statistical orbit determination in
the context of GNSS (Global Navigation Satellite System) is known as Ex-
tended Ephemeris Technology. Ephemeris extension algorithm for BeiDou
Navigation Satellite System (BDS) orbits using Least Squares technique
have been reported in Shen et al. (2018). They use the precise ephemeris
orbit products for the calibration of satellite orbits. These authors have
reported km level accuracy in radial direction of GEO satellite. However,
they did not consider the GEO satellites of BDS constellation for the orbit
determination. On the other hand, they have reported the prediction of
MEO and IGSO satellites of BDS using precise orbit and clock products
available through Multi-Global Navigation Satellite Systems (GNSS) Pilot
Project (MGEX), which are not available in real time. Precise orbit and
clock products are available through IGS/MGEX with a delay of 14 days
(Kazmierski et al., 2020). Orbit determination of BDS satellites using bet-
ter algorithms such as EKF is still not attempted. Further scanty literature
is available on statistical orbit determination techniques applied to Geo-
stationary and Geosynchronous orbits with reference to observations from
single station data rather than from a network for BDS GSO and GEO
orbits. Thus, this is the only study that reports the extended ephemeris
technology for BDS receivers in real time with km level accuracy.

The present study reports a statistical orbit determination algorithm us-
ing EKF with perturbation force model for GSO and GEO orbits of BeiDou
navigation satellite system. This is the first attempt to predict BDS GSO
and GEO orbits using EKF with perturbation force model that can be used
for the development of self-assisted ephemeris technology for BeiDou re-
ceivers. The methodology is discussed in section 2 followed by results and
discussion and conclusions in section 3 and section 4, respectively.
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2. Methodology

2.1. Statistical orbit determination algorithm

In the present study, the orbit prediction algorithm was developed using 4th

order Runge-Kutta numerical integration method, whereas EKF was used
as orbit determination algorithm.

If the satellite position vector ~r = (x, y, z)T and velocity vector ~v =
(vx, vy, vz)

T are known in Earth-Centered-Inertial (ECI) reference frame at
some initial epoch t0 then the initial state vector used for orbit prediction
algorithm becomes ~X = (x, y, z, vx, vy, vz)

T . Let r and v be the magnitude
of the satellite position vector and velocity vector, respectively. The ini-
tial state vector ~X(t0) was computed in ECI reference frame using single
ephemeris data that was available at initial epoch t0. In general, state vec-
tor at time t was denoted as ~X(t).

The set of force models that determine the acceleration of the satellite
due to various effects is:

~a = −
µ~r

r3
+ ~ahar + ~asun + ~amoon + ~asrp + ~atides + ~arel , (1)

where the Kepler’s force model can be written as:

~a = −
µ~r

r3
, (2)

with
µ : Earth’s gravitational constant (3.986004418 · 1014 m3/s2),
~ahar : acceleration due to Earth’s gravity potential,
~asun : acceleration due to solar attraction,
~amoon : acceleration due to lunar attraction,
~asrp : acceleration due to solar radiation pressure,
~atides : acceleration due to Earth tidal effect and
~arel : acceleration due to relativistic effects.

The acceleration due to Earth’s gravity potential (geopotential) was mod-
elled using spherical harmonic expansion as given in Eqs. (3) and (4) (Stacey
and Ziebart, 2011). The acceleration due to Earth’s oblateness (zonal per-
turbation J2) is the most significant perturbation force acting on GEO and
GSO as compared to lower order geopotential (Hein et al., 1997). Carolipio
et al. (2002) have achieved orbit determination of GEO satellite with accu-

28



Contributions to Geophysics and Geodesy Vol. 51/1, 2021 (25–46)

racy comparable to GPS satellites considering only Earth’s oblateness as
perturbation force model. Seppänen et al. (2011) have reported that for
GNSS satellite altitudes, geopotential up to degree 4 is significant. Shen
et al. (2018) have reported 30 × 30 geopotential model for GEO achieving
satellite prediction accuracy of 41 km in radial direction.

The aim of the present study is to develop an algorithm that can pre-
dict satellite orbit locally at the receiver and thus a computationally suit-
able model that balances model complexities and computational accuracy is
needed (Zhang et al., 2008). Geopotential coefficients of order 0 are called
as zonal coefficients. It is important to note that geopotential coefficient
J2 is about 400 times larger than the next-largest value of geopotential
coefficient J3 and thus for most satellite orbits reasonable good accuracy
is achieved by including only J2 effect in the perturbation force model
(Chobotov, 2002, chapter 9, p. 204). Thus, geopotential model of order 0
and degree 4 was considered in the present study. The values of geopotential
coefficients in the system WGS-84 were considered as J2 = 1082.63 · 10−6,
J3 = −2.5321531·10−6 and J4 = −1.6109876·10−6 (Chobotov, 2002, chapter
9, p. 205). Note that:

~ahar = ~∇U , (3)

where U is the gravitational potential, modelled as (Stacey and Ziebart,
2011):

U =
µ

r

∞
∑

n=0

∞
∑

m=0

(

Re

r

)n

Pnm(sin(φ)) [Cnm cos(mλ) + Snm sin(mλ)] , (4)

with Re as the Earth’s radius, φ and λ as the latitude and longitude of
the satellite position. Pnm is the associated Legendre polynomial of degree
n and order m. Cnm and Snm are the tesseral harmonics coefficients. The
explicit equations for solving geopotential acceleration are given in Chobotov
(2002; chapter 9, p. 202) and Aghav and Gangal (2014).

The acceleration due to solar and lunar attraction forces was modelled
using Newton’s law of gravitational attraction for a point mass as given in
Eqs. (5) and (6), respectively as:

~asun = µsun

(

~rsun − ~r

|~rsun − ~r |3
−

~rsun

|~rsun|
3

)

, (5)
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~amoon = µmoon

(

~rmoon − ~r

|~rmoon − ~r |3
−

~rmoon

|~rmoon|
3

)

, (6)

where µsun and µmoon are the solar and lunar gravitational constants, re-
spectively. The vectors ~rsun and ~rmoon are the geocentric vectors of the Sun
and the Moon, respectively.

The Cannonball type solar radiation pressure model is given by Eq. (7):

~asrp = µsPoCr

A

m
(AU)2

~esun

r3sun
, (7)

where µs is the shadow factor; AU is the astronomical unit (149597870.691
km); Po is the solar radiation pressure at distance of 1 AU from the sun
(4.56 · 10−6 N.m−2); Cr is the reflectivity coefficient of the satellite; A is the
surface area of the satellite and m is the mass of the satellite. The vector
~esun is the unit vector from satellite to the Sun and rsun is distance from
satellite to the Sun. We use the Cannonball type solar radiation pressure
model for GPS, Galileo, BeiDou and NavIC as considered by (Hein et al.,
1997; Stacey and Ziebart, 2011; Shen et al. 2018; Ramanathan and Chipade
2020).

Other forces like Earth’s tidal effect and relativistic effects were also in-
cluded for orbit prediction. The acceleration due to Earth’s tidal effect was
modelled using spherical harmonic expansion as given in Montenbruck and
Gill (2005; chapter 3, p. 108). Legendre polynomial of order 3 and degree
5 was considered for modelling Earth’s tidal effect in the present study.
Addition of these two perturbation forces did not yield any significant im-
provement in the orbit determination of GEO and GSO satellites of BDS,
details of which are given in subsequent section. The details of modelling
tidal effects and relativistic effects are as given in Montenbruck and Gill
(2005; chapter 3, p. 110).

Statistical orbit determination algorithm uses the knowledge of dynam-
ics model as well as observation model. Dynamics model includes deriving
equations of motion of the satellite, whereas the observation model uses
measurements from the observing instruments like receiver. EKF was used
to estimate the state vector ~X(t), when the distribution of state parame-
ters is Gaussian for a non-linear dynamics model. EKF also estimates the
posterior covariance associated with estimate X̂k; P (tk) that quantifies the
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uncertainty of the state estimate. We refer to Mashiku (2013) and Ra-
manathan and Chipade (2020) for more details.

The algorithm was initialised with an initial state vector X̂0 computed
based on previously known orbital parameters and an a priori covariance
associated with state estimate, P0; for a dynamics model of orbit determi-
nation.

At time tk, the state vector and the error covariance was computed using
the state transition matrix A. Thus:

X̂ −

k = AX̂k−1 ,

P −

k = APk−1A
T +Q ,

(8)

where, Q is the diagonal, process noise covariance matrix and A is the state
transition matrix given by:

A = I6×6 +





































0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−
µ

r3
+

3µx2

r5
3µxy

r5
3µxz

r5
0 0 0

3µxy

r5
−

µ

r3
+

3µy2

r5
3µyz

r5
0 0 0

3µxz

r5
3µyz

r5
−

µ

r3
+

3µz2

r5
0 0 0





































dt . (9)

The Kalman gain Kk was computed from the observation models using the
H-matrix, given in Eq. (11). Thus:

Kk = P −

k HT (HP −

k HT +R)−1, (10)

H =
∂G

∂X
, (11)

where G(X, t) = [r(t)], r(t) =
√

(x− x0)2 + (y − y0)2 + (z − z0)2 and (x0,
y0, z0) are the coordinates of the receiver or the sensor on ground which were
assumed to be known. In this study, the distance of the satellite from the
centre of Earth was considered as the r(t), to make the algorithm simplified
and autonomous, independent of any receiver observable. Thus, (x0, y0, z0)
was considered to be (0, 0, 0). R is the measurement covariance.

31



Chipade R. A., Ramanathan T. V.: Extended Kalman filter based . . . (25–46)

The state estimate is updated using the Kalman gain and the innovation
term (Yk −HX̂−

k ), where Yk was actually observed satellite range at time
tk. Thus:

X̂k = X̂−

k +Kk(Yk −HX̂−

k ) ,

Pk = (I −KkH)P−

k .
(12)

2.2. Criterion used for the evaluation of predicted orbit accuracy

The root mean square error (RMS error or RMSE) was used in the present
study to evaluate the orbit accuracy. The predicted satellite coordinates us-
ing the statistical orbit determination algorithm were compared with satel-
lite coordinates generated through simulation using force model as given by
Eq. (1). RMS error was computed using the Eq. (13). Note that:

RMSE =

√

√

√

√

√

√

T
∑

i=1

(Qi,pred −Qi,act)2

T
, (13)

where T is the total duration over which the orbit is predicted. Here,
T = 86400, as the orbit predicted for next one day at an interval of 1
sec. The quantities Qpred and Qsim are the predicted and simulated satel-
lite coordinates in ECI reference frame, respectively.

The Kolmogorov-Smirnov (K-S) test is a non-parametric test that can be
used to compare two probability distributions by quantifying the distance
between the empirical cumulative distribution functions of two samples.
K-S test was used to assess the goodness of fit of orbit prediction algorithm
viz., EKF. Wilcoxon Rank Sum (WRS) test can be used to compare two
populations for their identicalness using the corresponding samples from
them. Here, we compare the residuals for EKF algorithm through Kepler’s
orbit and perturbation force model.

3. Results and discussion

Coordinates of satellites in GEO and GSO orbits of BDS constellation were
estimated using proposed EKF algorithm. The orbit determination was
carried out in two parts with two different datasets: (a) orbit determination
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using EKF of GEO and GSO orbits at time interval of 1 sec. for an assumed
set of orbital parameters of BDS constellation spanning all possible right
ascension of ascending node (RAAN) values and (b) orbit determination
using EKF of real time GEO and GSO orbits as recorded at International
GNSS Service (IGS) station for 5 days, at time interval of 60 sec.

3.1. Orbit determination with assumed set of orbital parameters

of BDS GEO and GSO orbits

The GEO and GSO satellite orbits of BDS constellation were determined
for a total period of one day (T = 86400 sec) using Kepler’s force model and
perturbation force model as given by Eq. (1), at the interval of 1 sec. The
set of orbital parameters used for orbit determination is as given in Table 1.
The values of RAAN were varied at 0◦, 120◦, and 240◦. The values of orbital
parameters were selected to address all possible orientations of geostation-
ary and geosynchronous orbits in BDS constellation (Huang and Tsai 2008;
Xiaoganag and Mingquan, 2017). The satellite position estimated in ECI
reference frame using these orbital parameters at time t0 was considered
as the initial guess for orbit determination algorithm using EKF. EKF was
used as a statistical orbit determination technique to estimate the satellite
state vector. The diagonal elements of a priori covariance matrix (P0) asso-
ciated with state vector were initialised as (10m, 10m, 10m, 0.1m/s, 0.1m/s,
0.1m/s). The process noise covariance matrix (Q) is a result of effects of lin-
earization errors, unmodelled dynamics and other approximations whereas
the measurement covariance matrix (R) depends on the variance of code
phase observables for the BDS satellites (Carolipio et al., 2002; Grewal et
al., 2007). The values of R are competition sensitive and were not available
in the literature for BDS satellites. Thus, unit measurement covariance (R)
was considered, whereas the diagonal elements of process noise covariance
were initialised at (0.001m, 0.001m, 0.001m, 10−6m/s, 10−6m/s, 10−6m/s)

Table 1. Orbital parameters for GEO and GSO BDS orbits.

Orbital Semi-major Eccentricity Inclination Argument of
parameter axis (in m) (in deg) perigee (in deg)

GEO 42164000.0 0.00 0.00 0.00

GSO 42164000.0 0.02 55.00 0.00
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in the present study, as reported in the literature for GPS and NavIC satel-
lites (Carolipio et al., 2002; Grewal et al., 2007; Ramanathan and Chipade
2020).

The satellite orbits were determined using three different combinations of
perturbation force models: (a) Kepler’s model (KEP) (b) Perturbation force
model Without Tidal and Relativistic (PWOTR) effects (c) Perturbation
force model With Tidal and Relativistic effects (PWTR). The prediction in-
terval was of 1 sec. for a total prediction period of 1 day. The GEO and GSO
satellite orbits determined using EKF were compared with corresponding
dynamic model of orbit determination using 4th order Runge-Kutta numer-
ical integration method.

Table 2 shows the RMSE in ECI X,Y,Z coordinates of satellite positions
of GEO and GSO orbits when compared with dynamic orbit determination
model, for all combinations of perturbation force models with varying values

Table 2. RMSE in the satellite positions of BDS satellites as compared with Dynamic

Model after 1 day.

Force RAAN Orbit ECI X ECI Y ECI Z
model (in deg) (in cm) (in cm) (in cm)

KEP

0
GSO 7.93 5.09 7.28

GEO 7.93 8.88 0.00

120
GSO 5.73 7.49 7.28

GEO 8.41 8.43 0.00

240
GSO 6.13 7.16 7.28

GEO 8.89 7.91 0.00

PWOTR

0
GSO 7.93 8.50 12.51

GEO 7.93 8.88 1.60

120
GSO 9.51 11.95 15.59

GEO 8.41 8.43 1.58

240
GSO 9.61 6.73 11.46

GEO 8.89 7.92 0.93

PWTR

0
GSO 7.93 8.50 12.51

GEO 7.93 8.88 1.60

120
GSO 9.51 11.95 15.59

GEO 8.41 8.43 1.58

240
GSO 9.61 6.73 11.46

GEO 8.89 7.92 0.93
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of RAAN at 0◦, 120◦, and 240◦. RMSE of 7.93 cm to 8.89 cm and 7.91 cm to
8.88cm was observed in ECI X and Y coordinates respectively; of BDS satel-
lites in GEO when propagated using Keplerian model. RMSE of 5.73 cm to
7.93 cm and 5.09 cm to 7.49 cm was observed in ECI X and Y coordinates
respectively; of BDS satellites in GSO when propagated using Keplerian
model. RMSE of 7.28 cm was observed in prediction of ECEF Z coordi-
nate of BDS satellite in GSO when propagated through Keplerian orbit.
RMSE varied from 7.93 cm to 9.61 cm, 6.73 cm to 11.95 cm and 11.46 cm
to 15.59 cm for ECI X, Y and Z coordinates respectively; of satellite in
BDS constellation in GSO when propagated through PWOTR and PWTR.
RMSE varied from 7.93 cm to 8.89 cm, 7.92 cm to 8.88 cm and 0.93 cm to
1.60 cm for ECI X, Y and Z coordinates respectively; of satellite in BDS
constellation in GEO when propagated through PWOTR and PWTR.

Figure 1 shows the variation in the residual error in ECI satellite coor-
dinates X, Y and Z when determined using EKF with perturbation model
PWOTR for RAAN 240◦. The oscillatory variation in residual error of satel-
lite coordinates was observed over a period of 1 day in case of both GEO
and GSO satellites (Fig. 1). This oscillatory variation in the residual error
results in increased RMSE when perturbation effects were considered for
orbit determination over Keplerian model (Table 2). Perturbation effects
showed errors in satellite Z coordinate of GEO. WRS test was performed
to assess the significance of perturbation forces included in the Keplerian
model. The hypothesis that there is no significant difference in the median
of residuals of estimated satellite positions using EKF with KEP and that
using EKF with PWOTR was tested using WRS test against the hypothesis
that median residuals of the EKF with KEP model were greater than that
of EKF with PWOTR model. Table 3 shows the test statistic, p-values and

Fig. 1. Residual errors.
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decision of the WRS test performed for each satellite coordinate of GEO
and GSO at RAAN 240◦. The p-value < 0.01 was observed in ECI X co-
ordinate of GSO and ECI Z coordinate of GEO satellite of BDS at RAAN
240◦, whereas p-value > 0.05 was observed in ECI Y and Z coordinates of
GSO and in ECI X and Y coordinates GEO satellites. Similar results were
observed for BDS satellites at RAAN 0◦ and 120◦. Thus, median of resid-
uals in estimated satellite coordinates using EKF with PWOTR was either
significantly less than or equal to that of using EKF with KEP. This estab-
lished that EKF with PWOTR performed as good as or better than EKF
with KEP.

Inclusion of tidal and relativistic effects showed no difference in RMSE
values when compared with that of PWOTR (Table 2). However, the differ-
ence of the order 10−9 cm was observed in RMSE values of satellite positions
X, Y and Z in ECI reference frame with inclusion of tidal and relativistic
effects in the perturbation force model. The non-significance of the inclu-
sion of tidal and relativistic effects in the perturbation force model for orbit
prediction was further validated using the WRS test. The hypothesis that
there is no significant difference in median of residuals of estimated satellite

Table 3. Test statistic and p-values of the WRS test (KEP vs. PWOTR for RAAN =

240◦).

Orbit Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

GEO

X

−0.065119 0.53
hypothesis is hypothesis is
not rejected not rejected

GSO 31.633354 0.00
hypothesis is hypothesis is

rejected rejected

GEO

Y

0.011736 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −13.879074 1.00
hypothesis is hypothesis is
not rejected not rejected

GEO

Z

26.457369 0.00
hypothesis is hypothesis is

rejected rejected

GSO −18.069100 1.00
hypothesis is hypothesis is
not rejected not rejected
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positions that are estimated using EKF with PWOTR and that using EKF
with PWTR was tested using WRS test. Tables 4, 5 and 6 show the test
statistic values, p-values and decision for the WRS test at 1% and 5% level
of significance, performed for satellite X, Y and Z coordinates of BDS satel-
lite orbits with RAAN 0◦, 120◦, and 240◦, respectively. The p-value > 0.05
was observed in all possible combinations of the BDS satellites and thus it
established that there is no significant improvement in the orbit determi-
nation with inclusion of tidal and relativistic effects. Thus only EKF with
PWOTR was used to validate the developed algorithm using IGS data in
the next section.

Kolmogorov-Smirnov (K-S) test was performed to test the goodness of
fit of the EKF estimated orbit with the dynamically estimated orbit using
PWOTR as perturbation force model; independently for each satellite co-
ordinate X, Y and Z. The hypothesis that there is no significant difference
in the distributions of dynamically estimated and EKF estimated satellite
coordinates was tested using K-S test. Table 7 shows the test statistic and
p-values for the K-S test performed for satellite X, Y and Z coordinates at
RAAN 240◦. The decision of the K-S test at 1% and 5% level of significance

Table 4. Test statistic and p-values of the WRS test (PWOTR vs. PWTR for RAAN =

0◦).

Orbit Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

GEO

X

−0.000120 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000040 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Y

−0.000006 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000103 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Z

0.000052 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000185 0.50
hypothesis is hypothesis is
not rejected not rejected
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Table 5. Test statistic and p-values of the WRS test (PWOTR vs. PWTR for RAAN =

120◦).

Orbit Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

GEO

X

−0.048459 0.52
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000164 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Y

−0.081781 0.53
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000011 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Z

0.000028 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000013 0.50
hypothesis is hypothesis is
not rejected not rejected

Table 6. Test statistic and p-values of the WRS test (PWOTR vs. PWTR for RAAN =

240◦).

Orbit Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

GEO

X

0.000098 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000074 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Y

−0.000025 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO −0.000010 0.50
hypothesis is hypothesis is
not rejected not rejected

GEO

Z

0.000148 0.50
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000048 0.50
hypothesis is hypothesis is
not rejected not rejected
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is as shown in Table 7. It was observed that p-value >0.05 for all possible
combinations of BDS satellite orbits at RAAN 240◦. The test statistic value
of K-S test for Z coordinate of GEO satellite was observed to be compara-
tively high due to effect of perturbation forces. Similar results were achieved
when RAAN was varied to 0◦ and 120◦. This indicates that goodness of fit
of PWOTR as a perturbation force model is better as compared to PWTR,
when EKF is used for satellite orbit determination.

Table 7. Test statistic and p-values of the K-S test (RAAN = 240◦).

Orbit Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

GEO

X

0.000023 1.00
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000035 1.00
hypothesis is hypothesis is
not rejected not rejected

GEO

Y

0.000023 1.00
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000023 1.00
hypothesis is hypothesis is
not rejected not rejected

GEO

Z

0.003669 0.61
hypothesis is hypothesis is
not rejected not rejected

GSO 0.000046 1.00
hypothesis is hypothesis is
not rejected not rejected

3.2. Orbit determination with IGS station data for BDS GEO and

GSO satellites

The developed EKF based statistical orbit determination algorithm using
PWOTR perturbation force model was further applied to real time data
collected at IGS station. International GNSS Service (IGS) provides high
quality GNSS data products openly and data are regularly collected at var-
ious stations all over the world. One of such stations is located at IISc,
Banglore, India (13◦ 01′ N, 77◦ 34′ E). The navigation data for BDS was
downloaded for 5 consecutive days spanning 28 September to 2 October,
2019 from IGS repository (https://cddis.nasa.gov/gnss/data) and was
used to determine the coordinates of GEO and GSO satellites of BDS con-
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stellation. The satellites C01, C02, C03, C04, and C05 of BDS constellation
were in GEO whereas satellites C06, C07, C08, C09, C10, and C13 of BDS
constellation were in GSO (Qin et al., 2019). The orbit of satellites C02
(GEO) and C09 (GSO) of BDS constellation was determined using EKF
with PWOTR and were compared with actual satellite coordinates com-
puted using available navigation data, in the present study. The satellite
coordinates were predicted at time step of 60 sec. for each day data. Tables
8 and 9 show the RMS error in the estimated satellite coordinates of GEO
and GSO satellites of BDS constellation after 6hrs, 12hrs, 18hrs, and 24hrs
of prediction, respectively. RMS errors of 3.89 km, 4.20 km and 6.66 km
were observed in ECI X, Y, and Z satellite position coordinates of GSO
(C09), respectively whereas the RMS errors for GEO (C02) satellite were

Table 8. RMS error in estimated satellite coordinates of GEO (C02) using IGS data.

Day Time
RMS error (in km)

ECI X ECI Y ECI Z

28 Sept. 2019

6 hrs 2.91 2.28 11.98

12 hrs 3.23 2.27 8.81

18 hrs 3.81 3.91 7.48

24 hrs 3.87 4.20 6.68

29 Sept. 2019

6 hrs 3.00 2.13 11.98

12 hrs 3.21 2.32 8.81

18 hrs 3.97 3.77 7.47

24 hrs 3.89 4.19 6.67

30 Sept. 2019

6 hrs 2.96 2.14 11.98

12 hrs 3.22 2.33 8.80

18 hrs 3.96 3.80 7.47

24 hrs 3.89 4.19 6.66

1 Oct. 2019

6 hrs 2.91 2.16 11.97

12 hrs 3.24 2.33 8.80

18 hrs 3.94 3.83 7.46

24 hrs 3.89 4.20 6.65

2 Oct. 2019

6 hrs 2.87 2.17 11.97

12 hrs 3.25 2.32 8.79

18 hrs 3.93 3.86 7.45

24 hrs 3.89 4.20 6.64
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0.75 km, 2.53 km, and 1.91 km respectively in ECI X, Y and Z coordinates;
after 24 hrs of prediction. RMS errors were observed to increase with pre-
diction time interval from 6 hrs to 24 hrs in ECI X and ECI Y coordinates
of GEO satellite, whereas decrease in RMS error was observed with time
in ECI Z coordinate of GEO satellite. For GSO satellite, increase in RMS
error of ECI Y, whereas, decrease in RMS error of ECI X coordinate was
observed with prediction time interval. ECI Z coordinate of GSO satellite
showed an initial increase and later decrease in RMS error with prediction
time interval, indicating the oscillatory variation in residuals of satellite co-
ordinates.

Broadcast ephemeris provided by the IGS station navigation data were
used to compute actual satellite coordinates. Seppänen (2010) has reported

Table 9. RMS error in estimated satellite coordinates of GSO (C09) using IGS data.

Day Time
RMS error (in km)

ECI X ECI Y ECI Z

28 Sept. 2019

6 hrs 1.42 0.70 0.60

12 hrs 1.02 0.76 0.61

18 hrs 0.84 2.47 1.86

24 hrs 0.74 2.52 1.85

29 Sept. 2019

6 hrs 1.45 0.63 0.59

12 hrs 1.04 0.62 0.59

18 hrs 0.87 2.52 1.92

24 hrs 0.76 2.38 1.79

30 Sept. 2019

6 hrs 1.44 0.68 0.60

12 hrs 1.04 0.76 0.69

18 hrs 0.86 2.69 2.05

24 hrs 0.76 2.47 1.88

1 Oct. 2019

6 hrs 1.43 0.83 0.69

12 hrs 1.03 0.94 0.81

18 hrs 0.86 2.88 2.19

24 hrs 0.76 2.61 1.99

2 Oct. 2019

6 hrs 1.43 0.78 0.67

12 hrs 1.03 0.92 0.81

18 hrs 0.85 2.97 2.25

24 hrs 0.75 2.69 2.04
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orbit prediction error of order 50 m where precise ephemeris was used to
compute reference satellite coordinates. Seppänen (2010) also reported that
the prediction error in satellite orbit was an order of magnitude worse when
broadcast ephemeris was used to compute actual satellite coordinates. Sev-
eral studies have reported km level prediction error in orbit determination
of GSO and GEO satellites (Davis et al., 2002; Hwang et al., 2013; Shen
et al., 2018). Thus, our findings are consistent with that reported in the
literature. Therefore, these can be used in future navigation applications
such as extended ephemeris technology.

The RMS error in the satellite velocity in ECI X, Y and Z directions of
GSO and GEO satellites were also examined along with errors in satellite
positioning. The average RMS error of 9.11 m/s, 22.79 m/s and 32.21 m/s
in ECI X, Y and Z direction, respectively of GSO (C09) satellite velocity

Table 10. Test statistic and p-values of the K-S test for GEO (C02) using IGS data.

Day Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

about about
hypothesis hypothesis

28 Sept. 2019

X

0.001390 1.00 not rejected not rejected

29 Sept. 2019 0.001390 1.00 not rejected not rejected

30 Sept. 2019 0.001390 1.00 not rejected not rejected

1 Oct. 2019 0.001390 1.00 not rejected not rejected

2 Oct. 2019 0.002085 1.00 not rejected not rejected

28 Sept. 2019

Y

0.001390 1.00 not rejected not rejected

29 Sept. 2019 0.001390 1.00 not rejected not rejected

30 Sept. 2019 0.001390 1.00 not rejected not rejected

1 Oct. 2019 0.001390 1.00 not rejected not rejected

2 Oct. 2019 0.001390 1.00 not rejected not rejected

28 Sept. 2019

Z

0.014593 1.00 not rejected not rejected

29 Sept. 2019 0.013899 1.00 not rejected not rejected

30 Sept. 2019 0.014593 1.00 not rejected not rejected

1 Oct. 2019 0.014593 1.00 not rejected not rejected

2 Oct. 2019 0.015288 1.00 not rejected not rejected
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vector was observed whereas RMS error of 5.63m/s, 39.71m/s and 9.24m/s
in ECI X, Y and Z direction, respectively of GEO (C02) satellite veloc-
ity vector was observed after 1 hr of prediction. The average RMS error
increased to 28.46 m/s, 16.60 m/s and 23.29 m/s in ECI X, Y and Z direc-
tion, respectively of GSO (C09) satellite velocity after 24 hrs of prediction.
Whereas, the average RMS error increased to 28.44 m/s, 28.48 m/s and
9.11 m/s in ECI X, Y and Z direction, respectively of GEO (C02) satellite
velocity after 24 hrs of prediction.

The K-S test was used to test the goodness of fit of EKF with PWOTR
algorithm to the IGS data. The hypothesis that there is no significant differ-
ence in the distributions of satellite coordinates computed using navigation
data and EKF estimated satellite coordinates was tested using K-S test.
Tables 10 and 11 show the test statistic, p-value and decision of the K-S

Table 11. Test statistic and p-values of the K-S test for GSO (C09) using IGS data.

Day Satellite Test p-value Decision at Decision at
coordinate statistic 5% level of 1% level of
in ECI significance significance

about about
hypothesis hypothesis

28 Sept. 2019

X

0.001390 1.00 not rejected not rejected

29 Sept. 2019 0.001389 1.00 not rejected not rejected

30 Sept. 2019 0.001389 1.00 not rejected not rejected

1 Oct. 2019 0.001390 1.00 not rejected not rejected

2 Oct. 2019 0.001390 1.00 not rejected not rejected

28 Sept. 2019

Y

0.001390 1.00 not rejected not rejected

29 Sept. 2019 0.002083 1.00 not rejected not rejected

30 Sept. 2019 0.002085 1.00 not rejected not rejected

1 Oct. 2019 0.002780 1.00 not rejected not rejected

2 Oct. 2019 0.002085 1.00 not rejected not rejected

28 Sept. 2019

Z

0.001390 1.00 not rejected not rejected

29 Sept. 2019 0.001389 1.00 not rejected not rejected

30 Sept. 2019 0.001389 1.00 not rejected not rejected

1 Oct. 2019 0.001390 1.00 not rejected not rejected

2 Oct. 2019 0.001390 1.00 not rejected not rejected
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test performed for GEO and GSO satellites of BDS constellation after 24 hrs
of prediction, respectively. The K-S test was observed to be significant at
both, 1% and 5% level of significance with p-value > 0.05. This indicates
goodness of fit of estimated BDS orbits using EKF with PWOTR with IGS
navigation data.

4. Conclusions

Extended Kalman filter was proposed to determine geostationary and geo-
synchronous satellite orbits of BDS constellation. Keplerian model and
Perturbation force model affecting the satellite positions were studied. Per-
turbation forces such as solar radiation pressure, harmonics due to Earth’s
gravity potential, solar and lunar attraction forces had significant effect on
the satellite position, whereas, tidal and relativistic effects did not show
significant effect on the satellite position. The EKF predictions through
perturbation force model were better than or as good as Keplerian force
model. Centimetre-level accuracy was achieved to predict BDS orbits, de-
fined with an assumed set of orbital parameters; using EKF algorithm when
compared with dynamically determined orbit. Kilometre level accuracy was
achieved to determine geostationary and geosynchronous orbits of BDS con-
stellation using proposed EKF algorithm with PWOTR perturbation force
model with real data logged at IGS stations. Kolmogorov-Smirnov test for
EKF with PWOTR algorithm reported p-value >0.05 indicating goodness
of fit of predicted BDS orbits using EKF with PWOTR. There is a scope to
improve the algorithm with better prediction accuracy up to sub-kilometre
level using precise ephemeris and clock parameters and with less time for
computations of future prediction due to complexities of perturbation force
model. The developed algorithm thus gives encouraging results that can
be used in future technologies for GNSS receiver developments such as self-
assisted ephemeris technology.
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Seppänen M., Perälä T., Piché R., 2011: Autonomous Satellite Orbit Prediction. Pro-
ceedings of the 2011 International Technical Meeting of the Institute of Navigation,
January 24-26, 2011, San Diego, CA, 554–564.

Shen Z., Peng J., Liu W., Wang F., Zhu S., Wu Z., 2018: Self-Assisted First-Fix Method
for A-BDS Receivers with Medium- and Long-term Ephemeris Extension. Hindawi
Math. Probl. Eng., 2018, 5325034, 1–14, doi: 10.1155/2018/5325034.

Stacey P., Ziebart M., 2011: Long-Term Extended Ephemeris Prediction for Mobile De-
vices. Proceedings of the 24th International Technical Meeting of the Satellite Di-
vision of the Institute of Navigation (ION GNSS 2011), Portland, OR, September
2011, 3235–3244.

Tapley B. D., Schutz B. E., Born G. H., 2004: Statistical Orbit Determination. Elsevier
Academic Press, USA, 547 p., doi: 10.1016/B978-0-12-683630-1.X5019-X.

Xiaoganag X., Mingquan L., 2017: Broadcast Ephemeris Model of the BeiDou Navigation
Satellite System. J. Eng. Sci. Technol. Rev., 10, 4, 65–71, doi: 10.25103/jestr.10
4.09.

Zhang W., Venkatasubramanian V., Liu H., Pathak M., Han S., 2008: SiRF InstantFix II
Technology. Proceedings of the 21st International Technical Meeting of the Satellite
Division of The Institute of Navigation (ION GNSS 2008), Savannah, GA, Sept. 16-
19, 2008, 1840–1847.

46




