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Abstract: A method of phase GNSS measurement control is described. The method is

based on comparison of geometric range increments which are calculated using measure-

ment data and approximate receiver coordinates and satellite navigation message position

taking into account troposphere and ionosphere correction increments. Applicability of

moving average for phase GNSS measurement control to detect the cycle slips and outliers

is demonstrated. Test results of cycle slip detecting in phase measurements made by the

receiver with high stability frequency oscillator are provided.
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1. Introduction

The main objective of GNSS measurement quality check is to detect cycle
slips in carrier phase, to correct them. Also outliers, which may be caused
by multipath, and other various types of interference, can be eliminated by
replacing measured value with smoothed value.

Carrier phase cycle slips occur when the receiver of the GNSS user loses
the signal. Cycle slips may be evident, when the observation pause continues
for several epochs, or non-evident when the observation restarts before the
next observation epoch occurs. In any case there occurs an error for entire
cycles value in phase observation ΔN , but still the fractional part remains
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the same as if there was no cycle slip (Rizos, 1997; Seeber, 2003; Xu, 2003;
Hofmann-Wellenhof et al., 2008; Joosten and Tiberius, 2000; Antonovich,
2005).

There are two ways for solving problem of GNSS measurement quality
control. The first one is measurement hardware and technique improvement
for minimizing the number of cycle slips. The second one is development
of mathematical methods for outliers detection and correction of cycle slips
(Kosarev, 2012).

The improvement of satellite GNSS receivers’ hardware includes ongoing
receiving antennas design refinement and digital signal processing meth-
ods development. The improvement of mathematical GNSS quality control
methods involves selection of approximating functions, code and phase pseu-
dorange combination analysis etc. (Kosarev, 2012).

The works Bastos and Landau (1988), Cross and Ahmad (1988), Collin
and Warnant (1995), Gao and Li, 1999), Colombo et al. (1999), Bisnath
(2000), Bisnath et al. (2001), Banville and Langley (2010), Banville and
Langley (2012) demonstrate cycle slips and outliers detection methods based
on dual difference frequency difference analysis. The evident drawback of
these methods is that it is impossible to use them for single GNSS receivers.
The use of inertial-aided navigation systems (INS) enables to detect carrier
phase cycle slips (losses) in kinematic measurements (Lee et al., 2003; Du
and Gao, 2012). The works Melbourne (1985), Wübbena (1985), Blewitt
(1989), Blewitt (1990), Goad and Yang (1994) describe outliers detection
methods based on code and phase pseudoranges differences, phase pseudo-
range and iono-free combination differences, and time measurement differ-
ences.

The works Zhalilo (2003, 2007), Zhalilo and Sadanova (2004) demon-
strate the detailed research of Ukrainian scientists devoted to outliers de-
tection methods that were proposed earlier.

There are a number of publications by A. S. Tolstikov and D. V. Stubarev
(Stubarev and Tolstikov, 2004; Stubarev, 2006a,b; Stubarev, 2008a,b) which
devoted to methods of outliers detection based on imitation modelling us-
ing measurement data imitator ModBis24, which is developed in Siberian
Scientific Research Institute of Metrology.

The algorithm for outlier detection is based on analyzing difference be-
tween phase measurements and reference trajectory. Smoothing by Cheby-
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shev polynomials, Kalman filtering and robust processing procedures are
applied.

For detection and editing cycle slips and outliers authors of the present
article developed a technique for GNSS measurements quality control based
on computation of geometric range increment using approximate coordi-
nates of the station and orbit of the satellite. The distinction of the pro-
posed technique from the aforementioned ones is that here we use differ-
ences between two successive measurements epochs and compare them to
their modeled values which can be obtained with higher precision than
phase measurements if some conditions are satisfied. Those conditions refer
to measurement interval, accuracy of station’s position and satellite orbit.
The most important condition is that the GNSS receiver is equipped with
highly stable atomic frequency standard (Antonovich and Kosarev, 2011;
Antonovich and Kosarev, 2012a,b).

2. Theory

The code pseudoranges Pi (meters) and carrier phase φi (cycles) for fre-
quency bands L1, L2 at moments (measurement epochs) ti, i = 1, . . . , n
separated by interval Δt. Phase differences Δφ between two successive
epochs are determined as follows (Antonovich and Kosarev, 2011; Antonovich
and Kosarev, 2012a,b):

Δφi,i+1(L1) = φi+1 − φi =
1

λL1

[
Δρi,i+1 −ΔIi,i+1 +ΔTi,i+1+

+ Δδmi,i+1 + (A1(r)i,i+1 −A1(s)i,i+1) ·Δt
]
, (1)

where: Δρ – geometric range shift;
ΔI – ionospheric delay shift;
ΔT – tropospheric delay shift;
Δδm – multipath influence shift on the phase measurement;
A1(r), A1(s) – receiver and satellite clock rate;
λ – wavelength.

Topocentric distance increment (geometric range shift) Δρ is introduced
as follows:

Δρi,i+1 = ρi+1 − ρi , (2)
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where ρi calculated as:

ρi =
√
(X −Xi)2 + (Y − Yi)2 + (Z − Zi)2 . (3)

In equation (3): station position is given in the earth-centered earth-fixed
reference system, for example, by ITRS vector R = (X,Y,Z)T . Satellite
position vectors ri = (Xi, Yi, Zi)

T are calculated at the moments of signal
emission ti in the system time scale. According to definition of pseudorange
Pi:

Pi = c (t′i − t′′i ), (4)

where t′i is the nominal moment in time scale implemented by the user’s
receiver clock, t′′i – moments of signal transmission in the timescale of the
GNSS satellite, c – speed of light in vacuum. Therefore, the moments ti can
be calculated according to formula:

ti = t′i − Pi/c+ dtsi . (5)

Here dtsi is shift of space vehicle (SV) timescale relative to the system
timescale at the moment of signal generation.

Algorithm for calculation of vectors ri is provided in the Interface Con-
trol Document (ICD-GPS-200C, 1993). It is important to correct vectors ri
to take into account influence of rotation of the earth-centered earth-fixed
(ECEF) reference frame during signal propagation from satellite to receiver
i.e. Sagnac effect (Rizos, 1997; Seeber, 2003; Xu, 2003).

In papers Antonovich and Kosarev (2012a,b), Antonovich and Kosarev
(2011) authors consider using approximate station and satellite positions
for calculation of geometric ranges increments. For demonstration of ap-
plicability of geometric ranges increments for phase measurements quality
control let us introduce a geocentric reference system Oξηζ shown in Fig. 1.
For the sake of simplicity fundamental plane Oξη coincides with orbital
plane of the satellite which is in zenith of the station. In Fig. 1:

– O – center of Earth’s mass (geocenter);

– ξ axis is aimed along radius vector R to the station A at which observa-
tions are made;

– η axis lies in the orbital plane perpendicular to the radius vector of the
station;
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Fig. 1. Differerence of topocentric distances.

– ζ axis is perpendicular to the orbital plane.

Satellite orbit is considered circular, radius equals a. If disturbances are
neglected, position R of the station and position of the satellite r1 at the
moment t1 can be presented as follows:

R =

⎡⎢⎣R0
0

⎤⎥⎦, r1 =

⎡⎢⎣a0
0

⎤⎥⎦. (6)

Position of the satellite at t2 can be calculated using following expres-
sions:

r2 =

⎡⎢⎣a · cosMa · sinM
0

⎤⎥⎦, (7)

M = n ·Δt , (8)

where n is mean motion, Δt = t2− t1, M – central angle (analogue of mean
anomaly).

Then the topocentric vectors ρ1, ρ2 pointing to satellite at the moments
t1, t2 are calculated according the formulae:

ρ1 = r1 −R =

⎡⎢⎣a−R
0
0

⎤⎥⎦, ρ2 = r2 −R =

⎡⎢⎣a · cosM −R
a · sinM

0

⎤⎥⎦. (9)
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Scalars of vectors i.e. geometric ranges:

ρ1 = |a−R|, ρ2 =
∣∣∣[a2 − 2aR cosM +R2]1/2

∣∣∣. (10)

Topocentric range difference between the two epochs:

Δρ = ρ2 − ρ1 = [a2 − 2aR cosM +R2]1/2 − (a−R) . (11)

Assume small errors dξ, dη, and dζ, such that real position of the station
is defined by the formula:

R′ =

⎡⎢⎣R+ dξ
dη
dζ

⎤⎥⎦. (12)

New topocentric vectors:

ρ′
1 = r1 −R′ =

⎡⎢⎣a−R− dξ
−dη
−dζ

⎤⎥⎦, (13)

ρ′
2 = r2 −R′ =

⎡⎢⎣a · cosM −R− dξ
a · sinM − dη

−dζ

⎤⎥⎦, (14)

and correspondingly their scalars are:

ρ′1 =
∣∣r1 −R′∣∣ = [

(a−R− ddξ)2 + dη2 + dζ2
]1/2

, (15)

ρ′2 =
∣∣r2 −R′∣∣ = {

[a cosM −R− dξ]2 + (a sinM − dη)2 + dζ2
}1/2

. (16)

Applying first-order Taylor expansion for (15) and (16) by dξ, dη, dζ,
one may get:

ρ′1 = ρ1 − dξ , (17)

ρ′2 = ρ2 − dξ(a cosM −R)/ρ2 − dη a sinM/ρ2 . (18)

Formula (18) shows no influence of dζ error in the first-order approxi-
mation. Then the difference of new topocentric distances can be expressed
in the following way:
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Δρ′ = ρ′2 − ρ′1 = ρ2 − ρ1 − dξ(a cosM −R)/ρ2 + dξ − dη a sinM/ρ2 , (19)

Deviation of this difference from the true value caused by errors in relative
position of the stations and in orbit of the satellite equals to:

∇Δρ = Δρ′ −Δρ = −dξ(a cosM −R)/ρ2 + dξ − dηa sinM/ρ2 . (20)

Expanding trigonometric functions of angle M to series, using (20),
yields:

∇Δρ = Δρ′−Δρ = −dξ
(
a
[
1− (nΔt)2/2

]
−R

)/
ρ2+dξ−dη a(nΔt)/ρ2.(21)

The Table 1 contains values of topocentric range changes depending on
errors dξ, dη, and also on interval Δt. Calculation was carried assuming
a = 26560 km, R = 6378 km, n = 30◦/hr.

Table 1. The dependence of the geometric range increments errors on mutual satellite
and station positions errors and time interval.

Errors of satellite
– station relative

Geometric range increments error (mm) in time interval Δt (sec)

position (M)
Δt = 1 Δt = 2 Δt = 5 Δt = 10 Δt = 20 Δt = 30 Δt = 60 Δt = 600

dξ = dη = 1 0.2 0.5 1 2 4 6 11 107

dξ = dη = 5 1 2 5 10 19 29 57 540

dξ = dη = 10 1.9 3.8 9.5 19 38 57 114 1079

It is evident from Table 1 that in many cases influence of coordinate
errors is below the noise level of P-code measurements (nearly 0.3 m).

The change of tropospheric delay between the two epochs can be repre-
sented by the formula:

ΔTi,i+1 = Tz(cosec εi+1 − cosec εi) , (22)

with standard deviation:

σΔT = σTz(cosec εi+1 − cosec εi) , (23)

with σTz of about 0.2–0.4 m (Antonovich, 2005).
Changes of ionospheric delay can be calculated using formulae:

ΔIL1,i,i+1 = ĪL1,v(Fi+1 − Fi), ΔIL2,i,i+1 = ĪL2,v(Fi+1 − Fi) . (24)
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where F – obliquity factor, ĪL1,v and ĪL2,v averaged vertical ionospheric
delays IL1,v,i, IL2,v,i at some interval between the epochs ti1 and ti2 :

ĪL1,v =
1

i2 − i1

i2∑
i1

IL1,v,i, ĪL2,v =
1

i2 − i1

i2∑
i1

IL2,v,i . (25)

Vertical ionospheric delays IL1,v,i, IL2,v,i at epochs ti for frequency bands
L1 and L2 calculated as:

IL1,v,i =
IL1,i
Fi

= k · PL2,i − PL1,i

Fi
, IL2,v,i =

f2L1
f2L2

IL1,v,i . (26)

To minimize vertical ionospheric delays errors one can perform additional
averaging through different satellites data. It’s especially important in case
if there are no P-code measurements.

The formulae for root mean square (RMS) deviations σΔI,L1, σΔI,L2 for
differential ionospheric delays can be represented by the formula:

σΔI,L1,i,i+1 =
k(Fi+1 − Fi)

Fi
√
i2 − i1

√
2σP ,

σΔI,L2,i,i+1 =
f2L1
f2L2

k(Fi+1 − Fi)

Fi
√
i2 − i1

√
2σP .

(27)

The formulae show that ionosphere model errors depend mostly on root
mean square error of code pseudorange σP , which in its turn depends on
equipment-specific noise level and on the type of code measurements (Leick,
1995).

Multipath modelling is a complicated issue. It has quasiperiodic nature.
Amplitude can reach 5–6 cm and its period is 5 minutes or larger (Leick,
1995).

Table 2 contains modelled values of changes in tropospheric and iono-
spheric delays, multipath effect and their RMS errors σΔT , σΔI , σΔδm cal-
culated given ε ≈ 15◦, i2 − i1 = 1.

Additional contribution to variance σ2
Δφ is introduced by frequency in-

stability of the satellite clock σs
f/f and of the station clock σf,r/f . They

are random values. Their influence in equation (1) can be evaluated using
the following formula:

σΔt = cΔt

√
σ2f,r + (σsf )

2

f
. (28)
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Table 2. Influence of tropospheric and ionospheric refraction and multipath on phase
pseudorange increments (mm).

Tropospheric Ionospheric Multipath

Time delay delay

interval ΔT σΔT ΔI σΔI σΔI Δδm σΔδm

(GPS P-code) (GLONASS C/A code)

Δt = 1 sec 1.3 0.4 5.2 0.1 1.6 1 1

Δt = 10 sec 13 4.2 52 1.2 24.5 7 7

Δt = 30 sec 40 12.4 160 3.6 72 21 21

For GLONASS satellites σs
f/f has order of (1–5)·10−13 (Xu, 2003), which

adds 1–5mm to σΔt if Δt = 30 sec. Using receivers with highly stable atomic
clocks is necessary to reduce the influence of receiver’s clock error to a level
comparable to satellite clock errors. Such atomic clocks are installed on
some stations of International GNSS Service (IGS) and also on the stations
of GNSS ground control segment. It is expected that small-scale atomic
clocks with relative frequency instability of 5·10−12 on one hour interval
may appear in field geodetic GNSS receivers soon (Quantum SA 45s; Shkel,
2011).

After accounting for all mentioned effects formula (1) may be rewritten
as follows:

Δφi,i+1(L1) =
1

λL1
[(ρi+1−ρi)−ĪL1(Fi+1−Fi)+Tz(cosec εi+1−cosec εi)].(29)

Expression for L2 band will have analogous form. Noise of phase mea-
surements in those equations is neglected because it does not exceed 3mm.

Increments Δφi modelled according to formula (29) generally are not
equal to increments Δφ̃i calculated using measurements. Let us calculate
discrepancies vi (frequency band designation is omitted):

vi = Δφi −Δφ̃i . (30)

We fill further consider vi consisting of systematic and random parts:

vi = Δdi +Δεi , (31)

Δdi = E(vi) , (32)
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where Δdi is increment of systematic error of GNSS phase measurements
model equal to mathematical expectation E(vi); Δεi is an estimate of ran-
dom change of error on the interval with zero mathematical expectation.

Systematic part of the error Δdi can be found by smoothing discrepancies
vi in the window [i− k, i+ k]:

Δdi = v̄[i−k,i+k] . (33)

Smoothing of discrepancies is proposed to be performed using moving
average. The smoothed value will lag by k intervals. Median filtering is
applied to avoid influence of outliers on the estimate of mathematical expec-
tation (Stubarev and Tolstikov, 2004; Stubarev, 2006a,b; Stubarev, 2008a,b;
Stubarev, 2010). Unpredictable effects including both cycle slips and other
outliers in GNSS measurements, can emerge in random error part Δεi:

Δεi = vi −Δdi . (34)

RMS σi is calculated using Bessel’s formula:

σi =

√√√√√ i+k∑
j=i−k

Δε2j

2k
. (35)

Value Δεi is considered an outlier if the following conditions are satisfied:

|Δεi| > 2 · σi , |Δεi| > Σ , (36)

where Σ is RMS error of measurement increment modelling by formula:

Σ =
√
σ2ΔT + σ2ΔI + σ2Δρ + σ2Δt . (37)

If an outlier is identified, it can be corrected. If Δεi magnitude is larger
than the wavelength, it means that a cycle slip has occurred. It is well-
known that in case of cycle slip all further phase measurements are biased
by integer number of cycles but its fractional part is unaffected. Therefore,
one can calculate corrected measurement φ̄i using formula:

φ̄i = int(φi) + frac(φ̃i) , (38)
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where ‘int’ is an operator for separation of integer part of the value, a ‘frac’
– extraction of fractional part.

If the cycle slip has occurred previously, restoring can be performed ac-
cording to formula:

φ̄i+1 = φ̃i +Δφi+1 +Δdi+1 , (39)

where φ̄i+1 – smoothed value; φ̃i – measured value at previous epoch. Sys-
tematic part of the error Δdi+1 can be extrapolated linearly.

3. Experiment 1

Let us analyze the discrepancies through the GNSS measurement results,
obtained at Mendeleevo station on January 1st, 2013. The measurements
results files are available on the website of the International GNSS Service
(IGS) datacenters. The station is equipped with dual-frequency and dou-
ble system GNSS-receiver Topcon NetR3, connected to hydrogen frequency
standard. The interval of measurements is 30 s. The station coordinates
was get from RINEX file, the GPS satellite coordinates errors were esti-
mated by difference between precise and navigational ephemerids of 1.5 m,
and GLONASS satellites – about 3m. Two GPS and two GLONASS satel-
lites were chosen for the experiment. Observation session was nearly one
hour. Satellite tracks were in different parts of observer’s celestial sphere
(see Table 3).

Table 3. Trajectories of the satellites.

GNSS Satellite
UT time Elevation of satellite

tstart tend εstart εend

GPS G1 22h52m 23h46m 17◦ 7◦

GPS G13 15h00m 16h00m 52◦ 82◦

GLONASS R1 7h00m 8h00m 15◦ 48◦

GLONASS R19 0h00.5m 0h55.5m 68◦ 40◦

The calculations were performed using MATLAB 6.5 software. To cal-
culate discrepancies we used the moving average with averaging window
covering 7 epochs. Fig. 2 shows results for GPS G1 satellite (L1 frequency),
Fig. 3 – for GLONASS R9 satellite (L1 frequency).
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Fig. 2. Result of GPS G13 phase data filtration. Phase discrepancy in meters: blue –
measured minus predicted, red – smoothed discrepancy.

Fig. 3. Result of GLONASS R19 phase data filtration. Phase discrepancy in meters: blue
– measured minus predicted, red – smoothed discrepancy.

Then the filtering procedure for cycle slips detection and correction was
tested on evident and non-evident cycle slips, which were modeled. To
model the evident cycle slip for the satellite G13 a 5-minute data gap was
created. Then the slip ΔN was introduced into phase data:

ΔN = int(Pend − Pstart)/λ , (40)

where Pstart and Pend are the P-code pseudorange values at the start and at
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the end of data gap accordingly (Fig. 4a). To model the non-evident cycle
loss the satellite GLONASS R1 data was used. The modeling was performed
in the same way, but were chosen the neighboring values (Fig. 4b).

Then the data were restored by formula (39). To take into account the
ionospheric delay the code pseudorange values were restored as well. The
differences between the restored and initial carrier phase data are shown in
Fig. 5.

Fig. 4. The modeling of evident and non-evident carrier phase cycle loss: (a) for satellite
GPS G13, (b) for satellite GLONASS R1. Where: 1 is the starting gap measurement
point, 2 is the restarting measurement point. The blue color shows initial data, the red
one is the restored data.

Fig. 5. The Differences between the really measured and modeled carrier phase (in cycles):
(a) for satellite GPS G13, (b) for satellite GLONASS R1.

The analysis of Figs. 2–5 obviously shows that the application of median
filtering for cycle counting losses detection enables to restore qualitative and
reliable measurement data, provided by both GPS and GLONASS satellites.
The application of the filter, based on median filtering, enables to definitely
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and exactly detect cycle counting losses on the level of 5 cm, which is 1/4
wave length.

4. Experiment 2

Validation of cycle slip and outlier detection based on moving average was
conducted. For that purpose a numerical simulation was carried out. Non-
evident cycle slips were randomly introduced into RINEX observation data.

Observation session was 6 hours. Measurements were performed using
JAVAD Sigma G3T equipment with 1 sec interval. The receiver was con-
nected to highly stable frequency standard Ch1-1006.

The data file obtained during the experiment was preprocessed using
OCTAVA PPA software, developed by Kharkov research group. Available
version software allows you to process only GPS measurements. The aim
was to eliminate non-modeled cycle slips and multipath effect in the test
data (Zhalilo and Sadanova, 2004). Thus, etalon observation data were ob-
tained which were not subject to those sources of errors.

Result of precision assessment of L1 and L2 phase measurements pre-
processed using OCTAVA PPA software is shown in figures 6 and 7 for all
observed GPS satellite. Algorithms for preprocessing GPS measurements
implemented in the OCTAVA PPA software are given in the articles (Zhalilo,
2003, 2007; Zhalilo and Sadanova, 2004).

Figs. 6 and 7 show absence of cycle slips. It is seen the noise level is
mostly within ±2 cm.

Initial measurements interval was 1 sec. Thinned out datasets with 5 sec,
10 sec, 15 sec, 30 sec intervals were obtained by resampling down the initial
dataset. Non-evident cycle slips were introduced into initial dataset and to
the thinned out datasets using two approaches. The first approach consisted
in introduction of cycle slips with magnitude of 1 cycle at random epochs.
The second approach implied introduction of cycle slips (again magnitude
was 1 cycle) into selected interval of observations in initial and resampled
down datasets. Then the cycle slips were detected using the proposed tech-
nique. In Table 4 results of cycle slips detection are provided.

Results in Table 4 show that the technique enables reliable single cycle
slips detection. It is important that the per cent of detected cycle slips is
large independently on the interval of measurements if it does not exceed
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Fig. 6. Precision assessment of preprocessed L1 phase measurements for all observed GPS
satellites.

Fig. 7. Precision assessment of preprocessed L2 phase measurements for all observed GPS
satellites.

30 s.
As it is evidently shown by Table 5 the technique allowed to detect

nearly 100 % of single (one cycle) slips on the measurements interval up to
10 min.
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Table 4. Results of detection of 1-cycle slips introduced into the etalon and resampled
down datasets.

Measurements
Number of modeled single cycle slips

Portion of detected cycle slips
interval

Totally By satellite

1 sec 700
G07 – 200

100 %
100 %

G01 – 500 100 %

5 sec 400
G24 – 200

99 %
99 %

G28 – 200 99 %

10 sec 200
G24 – 100

99 %
98 %

G28 – 100 99 %

15 sec 200

G07 – 50

98 %

100 %

G15 – 50 95 %

G28 – 100 98 %

30 sec 100

G07 – 30

100 %

100 %

G15 – 30 100 %

G30 – 40 100 %

Table 5. Results of detection of single cycle slips introduced into the specific interval of
the etalon datasets.

Measurements Number of modelled single cycle slips
Portion of detected cycle slips

interval introduced into selected time span

1 sec G07 – 30 (30 sec) 100 %

1 sec G07 – 60 (60 sec) 100 %

1 sec G07 – 300 (5 min) 100 %

1 sec G07 – 600 (10 min) 99 %

5. Conclusion

Application of GNSS receivers equipped with highly stable frequency gen-
erators opens new prospects for phase measurements quality control. The
developed technique allows detection and correction of cycle slips and out-
liers. Unlike other techniques of phase measurements quality control based
on search in observation space the proposed technique relies on calculation of
geometric range and atmospheric effects increments. Those increments may
be calculated using approximate coordinates of the station and the satellite
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(the obtained using navigation message data). Increments of tropospheric
and ionospheric delays are calculated using simple mapping functions. As
a result of phase measurements quality control a file containing corrected
values free of cycle slips and outliers can be obtained. Additionally an esti-
mate of noise level for the dataset is provided which is necessary for quality
assessment of measurements. This information can further be used for shap-
ing measurements covariance matrix and improvement of solution accuracy
in geodesy and navigation.
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